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Longitudinal and transversal collective modes in strongly correlated plasmas

P. Schmidt, G. Zwicknagel,* P. -G. Reinhard, and C. Toepffer
Institut für Theoretische Physik II, Universita¨t-Erlangen, D-91058 Erlangen, Germany

~Received 9 May 1997; revised manuscript received 13 August 1997!

We investigate excitations in strongly coupled one-component plasmas with the help of molecular-dynamics
computer simulations. As dynamical observables we study the dynamical structure factor, the velocity auto-
correlation function, and the longitudinal and transversal current correlation functions. The results on these
observables can be related to each other in the framework of a mode-coupling theory. The appearance of
transversal collective shear modes indicates liquid behavior, and is a precursor for an eventual transition to a
Wigner lattice.@S1063-651X~97!02312-X#

PACS number~s!: 52.35.Dm, 52.65.2y, 52.90.1z
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The physics of a classical one-component plasma~OCP!
with a neutralizing background is governed by a single
rameter, the ratioG of the mean potential energy between t
particles and their thermal energyb215kBT

G5~Ze!2/~4p«0akBT!. ~1!

HereZe is the charge of the particles,«0 the dielectric con-
stant of the vacuum,kB the Boltzmann constant,

a5~4pn/3!21/3 ~2!

the Wigner-Seitz radius, andn the number density. Despit
its simplicity the OCP already shows many of the static a
dynamical properties of much more complicated many-bo
systems, in particular transitions from an ideal, gaseo
weakly coupled regime forG!1 through a liquid regime@1#
to the eventual Wigner crystallization@2# into a solid Cou-
lomb lattice nearG5160. In the intermediate liquid regim
Hansen and co-workers performed molecular-dynam
~MD! computer simulations@3# and extracted the velocity
autocorrelation function~VAF!. Its power spectrum showe
some features which could be readily explained, e.g., a
fusive regime dominated by single particle collisions f
G&1, and a collective peak near the plasma frequency
larger values ofG. However, forG*100 another prominen
peak appears at a low, nonzero frequency which could no
interpreted easily. Hansen, McDonald, and Pollock
tempted to give a unified description of the velocity autoc
relation function in the liquid regime using the memory fun
tion formalism, but found this a very difficult task and d
not pursue the matter further@4#. A somewhat more genera
approach in sort of a mode coupling model was investiga
in Ref. @5#. This model dealt successfully with the impact
collective plasmon modes on the VAF. The problem to e
plain the additional broad low-energy peak at highG re-
mains, however, open.

It is the aim of this paper to present a mode-coupl
model which yields a satisfactory interpretation of the VA
in the strong-coupling regime. It can be shown that the lo
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frequency peak at strong coupling is associated with the
currence of transversal acoustic excitations~or shear modes!
in the liquid.

Before presenting the results of our MD simulations a
discussing the mode-coupling model, we first want to int
duce a few basic definitions, thereby using the conventio
notations@6,7#. A key tool to analyze the dynamical prope
ties of a plasma are the autocorrelation functio
^A(t)A* (t8)& of a dynamical observableA. They can be
calculated either as an average over time or as an ense
average. We will consider here equilibrium autocorrelati
functions of the following observables:

single particle velocityvW 1~ t !, ~3!

single particle densityrs~kW ,t !5eikW•rW1~ t !, ~4!

current operatorjW~kW ,t !5(
j

vW j~ t !eikW•rW j ~ t !. ~5!

With the help of the current operator~5!, the longitudinal

Cl~kW ,t !:5N21^@kW• jW~kW ,t !#@kW• jW~2kW ,0!#&, ~6!

and transversal

Ct~kW ,t !:5~2N!21^@kW3 jW~kW ,t !#•@kW3 jW~2kW ,0!#&, ~7!

current correlation functions can be constructed. In cont
to the functions~6! and ~7!, the VAF,

Z~ t !5^vW 1~ t !vW 1~0!&/^vW 1~0!vW 1~0!& ~8!

@where^vW 1(0)vW 1(0)&53kBT/m# involves the single-particle
velocity ~3! of a tagged particle rather than the coherent
perpositions~5!. Another quantity which is related to single
particle properties is the self-intermediate scattering fu
tion, which is the autocorrelation function of the singl
particle density~4!

Ss~k,t !5^eikW•rW1~ t !e2 ikW•rW1~0!&. ~9!

Spectral properties are better seen after Fourier transfor
tion into frequency space. This reads, e.g., for the VAF,

las-
7310 © 1997 The American Physical Society
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FIG. 1. MD results for the VAFZ(v) ~solid curve! in comparison to the mode-coupling model~16! for various values of the coupling
The curves with the long dashes show the separate contributions fromCl andCt to Eq.~16! at high and low frequencies, respectively. The
sum is given by the curve with the short dashes. The MD simulations have been done with 500 particles in a cubic simulation box
L512.8d, whered is the interparticle distance.
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Z~v!5~2p!21E
2`

`

Z~ t !exp~ ivt !dt, ~10!

and similarly for all other correlation functions.
As mentioned in the Introduction, the properties of

plasma change with its couplingG, from a gaseous regim
for weak couplingG!1 over a liquid regime, up to a crys
talline stage at very large coupling. These changes of
gimes are reflected in the VAF, which shows signatures o
transition from a dominantly diffusive single-particle regim
at smallG to a collective regime at largerG. For G&5, the
VAF Z(t) decays exponentially, except for very small time
and its Fourier transformZ(v) has a purely diffusive peak a
zero frequency. For increased coupling the decay ofZ(t)
becomes oscillatory, and a peak near the plasmon frequ
vp5(e2n/m«0)1/2 starts to appear inZ(v); see the MD re-
sults ~full line! in the panel forG57.9 in Fig. 1. The plas-
mon peak gains weight with further increasingG, and, at
even largerG, a new broad peak at around 0.3vp emerges,
see the panels withG.100 in Fig. 1.

In an attempt to analyze their MD simulation resul
Hansen and co-workers@4,6# showed that the first transitio
from a diffusive regime atG&5 to the appearance of th
plasmon peak in the VAF at largerG could be roughly in-
e-
a

,

cy

,

terpreted in terms of a memory kernel formalism. T
memory kernel model puts the division line between the d
fusive and the oscillatory regime at aroundG;4, in fair
agreement with the empiricalG;5, as deduced from scan
ning the sequence ofZ(v). The memory kernel model is stil
too crude, however, to describe all details of the VAF eme
ing at strong coupling, because it fails to provide the co
istence of a diffusive peak and an increasingly competit
plasmon peak, as seen e.g., in panelG57.9 of Fig. 1. Of
course, any structure, even the appearance of the broad
energy peak at largeG, could be fitted in a memory kerne
model when carrying further the continued fraction expa
sion to cover more poles. But such an expansion then
comes a merely mathematical tool, and the model gives l
insight into physics beyond the VAF.

However, transversal collective modes have been stud
in the quasilocalized charge formalism for the dielectric te
sor @8#. Indeed, an inspection of the current-current autoc
relation functions~6! and ~7! shows that the one-compone
plasma supports a transversal acoustic mode atG*100. As
an example, in Fig. 2 we show the dispersion relations
the high-frequency plasmon mode and the low-freque
acoustic~shear! mode for a very strongly coupled syste
with G5158. It should be noted that the longitudinal an
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transversal modes are only reasonably well defined up to
first Brillouin zonek<p/a. Larger momenta correspond t
distances below the interparticle spacing, where collec
modes make little sense. But the two collective mod
acoustical and optical branch, are well developed at lowk. It
is to be expected that the acoustical branch has increa
impact on the VAF with increasingG, and it is obvious that
one should relate that to the appearance of the broad
energy peak inZ(v) at the two largerG in Fig. 1. The
feature of a broad peak could then be explained by the m
ing of modes with differentk and the linear growth ofv with
k. In order to substantiate this conjecture, one needs a m
which establishes a unique relation between these collec
modes and the VAF, like the mode-coupling model@6,9#.
This had already been discussed in connection with the V
of strongly correlated plasmas in Ref.@5#; though without an
acoustic mode and with a simplified input for the correlati
functions. We will employ this mode-coupling model her
with proper emphasis on the acoustic modes, using fully c
sistent microscopic input for the necessary current-cur
correlation functions.

To introduce the mode-coupling model, we consider
time evolution of an observableA in a system with the
Hamiltonian H which is described by dA/dt5 iLA
52$H,A%, where the Liouville operatorL is used as abbre

FIG. 2. Dispersion relations for the high-frequency plasma w
and the low-frequency acoustic mode obtained from a MD simu
tion at strong coupling,G5158. The current correlation function
Cl ,t(k,v) were smoothed using Savitzky-Golay filters@12#. As sug-
gested in Ref.@7#, a dispersion relationv(k) is obtained from the
maxima ofCl ,t(k,v) at fixed k. It is indicated by crosses for th
plasmon mode, and by circles for the acoustic mode. The error
mark the intervals whereCl ,t(k,v) is larger than 75% of the maxi
mal value.
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viation for the Poisson bracket$H,A%. Formal integration
then yieldsA(t)5exp(itL)A(0). This full propagation, how-
ever, is rarely feasible and approximate treatments have t
invoked. One widely used method is the projection opera
technique@10#, where one chooses a projectorP on the space
of relevant observables, and replaces the exact propagato

exp~ i tL!→Pexp~ i tL!P. ~11!

In the following, we will employ the mode-coupling mode
of Ref. @6#. It is our aim to relate the VAF, Eq.~8!, with the
collective modes of the system. To that end one chooses
the set of relevant operators,

BakW5rs~kW ! j a~2kW !, ~12!

a combination of single-particle densityrs @see Eq.~4!# and
collective currentj a, wherea5x,y,z is thea component of
the current; see Eq.~5!. The projector is

P A5(
a,kW

BakW ~BakW ,BakW !
21 ~BakW ,A!. ~13!

We will consider the particular caseA5v1
g ~where

g5x,y,z) to compute the VAF. The scalar products can
calculated with the help of Eqs.~3!, ~4!, and~5! as

~v1
g ,BakW !5dga

kBT

m
, ~14!

~BakW ,BakW !5N
kBT

m
. ~15!

The VAF then becomes

Z~ t !.
m

3kBT(
g

„v1
gP,exp~ i tL!Pv1

g
…

5
m

3kBTN2(a (
kW

„BakW ,exp~ i tL!BakW….

The emerging correlation function of four variables is facto
ized according to

~BakW ,eitLBakW !.„rs~kW !,eitLrs~kW !…„j a~2kW !,eitLj a~2kW !…,

i.e., the modes are assumed to propagate independently.
yields

(
a

~BakW ,eitLBakW !5Ss~k,t !„Cl~k,t !12Ct~k,t !….

There then remain products of the self-intermediate sca
ing function and the current correlation functions. Chang
the kW summation into an integral, one finally obtains

Z~ t !5
m

3kBTE d3k

8p3
Ss~k,t !

Cl~k,t !12Ct~k,t !

nk2
. ~16!

The integral in Eq.~16! is divergent at largek. But it does
not make sense to carry the collective currents that far
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cutoff }1/a is to be expected because the currents can
resolve spatial details closer than the interparticle distanca.
We tailor the cutoff to guarantee proper normalization of
VAF. Using Ss(k,t50)51 and Cl(k,t50)12Ct(k,t50)
5(3kBT/m) k2, we enforceZ(t50)51 by cutting thek
integral at

kc5~6p2n!1/352.42/a, ~17!

i.e., by excluding modes with wavelength which are sma
than the mean distance between the particles.

Equation ~16! together with the appropriate cutoff pre
scription is the essential result of the mode-coupling mod
It establishes a relation between the collective currentsCl
and Ct , together with the autocorrelation function of th
single particle densitySs and the VAFZ(v). It thus models
the VAF as composed from the basic plasma modes,
longitudinal plasmon branch and the transversal acou
branch. We now analyze the MD results for the VAF
terms of the mode-coupling model. To that end, we de
mine also the ingredientsCl , Ct , andSs from the same MD
simulations. In Fig. 1 we compare, at various coupling p
rametersG, the MD result forZ(v) ~solid line! with the
results from the mode-coupling model. The separate con
butions ofCl and Ct to Z(v) @see Eq.~16!# are shown as
curves with long dashes. The short dashes represent
mode-coupling model in total. For large couplingG*100
one can clearly distinguish the peak just belowvp , resulting
from the plasma mode and the low-frequency peak aro
0.3vp , resulting from the acoustic mode. In this regime t
sum of these contributions~short dashes in Fig. 1! agrees
well with the solid curve. This demonstrates that the pea
low but finite frequency which arises for largeG is due to the
acoustic modes in the plasma. The agreement of the m
coupling model with the MD data gets worse, however,
small coupling, as indicated for the case ofG57.9 in Fig. 1.
And it fails completely for even smallerG. The technical
difficulty is that the current correlation functions becom
.
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broader ink space@4,11#, which attaches too much weigh
nearkc to the integral in Eq.~16!. The physical problem is
that the mode-coupling model relies too much on the coll
tive modes alone, and thus cannot properly take into acco
the single-particle processes which produce the domin
diffusive peak at small coupling.

To conclude: We have investigated the velocity autoc
relation functionZ(t) of a one-component plasma in the r
gime of strong couplingG. The results from MD simulations
show first the well-known dominance of the plasmon osc
lations over diffusive decay for strong coupling, with a tra
sition point at aroundG;5. A closer inspection of the Fou
rier transformZ(v) at even largerG*100 shows, however
the appearance of a low-frequency peak in addition to
plasma peak and the~then nearly negligible! diffusive con-
tribution. We have investigated the structure of the VAF
very large coupling with a mode-coupling model which e
tablishes a relation between the VAF and the collect
current-current correlation functions. In this way we cou
show that the broad low-frequency peak is due to the aco
tic modes, which start to play a role in the liquidlike plasm
at very large coupling. Taken together with earlier finding
this shows that three processes cooperate in the VAF w
changing weights when changing the coupling: dominan
particle diffusion at small coupling, increasing importance
the plasmon oscillations for larger coupling with turnin
point at aroundG;5, and additional appearance of th
acoustic modes atG;100.

There remains an open point in that the mode-coupl
model cannot account for the broad diffusive background
Z(v) at smaller coupling. It seems worthwhile to extend t
mode-coupling model in a similar manner as has been d
for fluids of uncharged particles.
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